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The Toffoli gate is an essential logic element, which permits implementation of a reversible pro-
cessor. It is of relevance both for classical as well as quantum logics. We propose and theoretically
study all-optical implementations of three-bit and four-bit Toffoli gates by application of adiabatic
population transfer techniques. For a three-bit Toffoli gate we use variants of stimulated Raman
adiabatic passage (STIRAP) processes in a Λ-type level scheme, driven by two laser pulses at suf-
ficiently large detunings. For the implementation of a four-bit Toffoli gate, we apply reversible
adiabatic population transfer in five-level quantum systems, interacting with three laser pulses. We
demonstrate correct all-optical implementation of the truth table of three-bit and four-bit Toffoli
gates. Moreover, we derive conditions for adiabatic evolution of the population dynamics and robust
operation of the gates.
PACS numbers: 32.80.Qk, 42.50.Hz, 42.65.Re
I. INTRODUCTION
Reversible and irreversible computations exhibit very
different features with regard to energy consumption. As
it was already shown decades ago by Landauer, irre-
versible computations unavoidably lead to energy losses
[1]. Thus, in contrast to reversible processors they contin-
uously consume energy [2–4]. In 1980, Toffoli proposed
a reversible processor [5] based on a reversible logic gate
(i.e. the Toffoli gate). Any reversible processor can be
realized by circuits of Toffoli gates only. A general n-bit
Toffoli gate has n input bits and yields an n-bit output.
The first (n-1) input bits are control bits, which are not
affected by the action of the Toffoli gate. The last input
bit is a target bit, which is flipped, if (and only if) all
control bits are set to 1.
Also other universal reversible logic gates were pro-
posed later [3, 4]. We note, that all quantum logic gates
are reversible. As a consequence, a transfer of quantum
logic schemes to and from classical logics should be based
on reversible units, e.g. Toffoli gates. This makes such
gates important both for classical as well as quantum
information science [6–16].
In this paper we propose and theoretically investigate
an all-optical three-bit and four-bit Toffoli gate, based
upon coherent-adiabatic interactions between quantum
systems (e.g. atoms) and resonant light fields. In partic-
ular we apply cyclic stimulated Raman adiabatic passage
(STIRAP), driven by two delayed light pulses [17–19].
The STIRAP scheme [17] uses three non-degenerate
bare quantum states in a Λ-type configuration, i.e. an
initial state |1〉, an intermediate state |2〉, and a final
state |3〉 (see Fig. 1). A pump pulse with Rabi fre-
quency Ω1 drives the transition between states |1〉 and
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|2〉. A Stokes pulse with Rabi frequency Ω2 drives the
transition between states |2〉 and |3〉. When the laser
pulses are applied in counter-intuitive order (i.e. the
Stokes pulse precedes the pump pulse) and both Rabi
frequencies are sufficiently large, the atomic population
is completely driven via a ”dark” dressed state from the
initial state |1〉 to the final state |3〉. Thus, the system
is flipped efficiently from state |1〉 to state |3〉. We note,
that the ”dark” state involves only contributions from
states |1〉 and |3〉, but not from state |2〉. As an essen-
tial feature of this standard ”dark-state” STIRAP with a
counter-intuitive pulse sequence, there is never any tran-
sient population in the intermediate state |2〉 during the
adiabatic passage process. This is an important issue, if
the intermediate state |2〉 has a short population lifetime
compared to the laser pulse durations (which is a rather
typical situation).
When state |2〉 has a long lifetime, it is also possi-
ble to transfer population by an intuitive pulse sequence
(i.e. pump preceding Stokes pulse) via a ”bright” dressed
state. The latter involves contributions from all three
bare states |1〉, |2〉, and |3〉. This variant of STIRAP with
an intuitive pulse sequence was termed b-STIRAP to em-
phasize the adiabatic passage via a bright state [20, 21].
Such a transfer process in an individual atomic system
was predicted and studied theoretically by Rangelov et
al. [22]. For an ensemble of atoms we theoretically an-
alyzed the effect in previous work [23]. Experimentally,
b-STIRAP was demonstrated for population transfer in
a doped solid [20, 21].
We note, that the definition of an intuitive or counter-
intuitive pulse sequence depends upon the state of the
atom at the beginning of the interaction. If the atom is
initially in state |1〉, the pulse sequence ”Stokes preceding
pump” is counter-intuitive. In this case, the sequence
transfers the system to state |3〉 via standard (i.e. ”dark-
state”) STIRAP. If the atom is initially in state |3〉, the
roles of the laser pulses are exchanged. Thus, the pulse
2sequence ”Stokes preceding pump” becomes intuitive. In
this case, the sequence transfers the system to state |1〉
via b-STIRAP.
Let us call the sequence ”Stokes preceding pump” a
”SP pulse pair”. We consider now application of two
subsequent SP pairs to the three-level quantum system.
If the atom is initially in state |1〉, the first SP pair flips
the system to |3〉 by STIRAP. The second SP pair flips
the system back to state |1〉 by b-STIRAP. A similar
transfer back and forth occurs, when the atom is initially
in state |3〉. Thus, population transfer by two SP pairs in
a Λ-type three-level system is fully reversible. The same
pulse sequence (i.e. an SP pair) serves to drive atomic
population from the initial state to the final state or back
again. As we will show below, this feature enables imple-
mentation of a three-bit Toffoli gate. The possibility to
exploit STIRAP for classical logics was initially proposed
theoretically by Remacle et al. [24]. The concepts were
experimentally applied to implement an all-optical adder
in a doped solid, driven by STIRAP and b-STIRAP [25].
In the following we will provide a detailed and general
study of adiabatic passage processes for reversible univer-
sal logic operators. Although any reversible logic proces-
sor could be built with three-bit units only, the processor
would be rather complex and large. Thus, it is very ad-
visable to apply four-bit Toffoli units instead [26]. As
we will discuss, below, we can implement such a four-bit
gate by adiabatic passage processes in a five-level system,
driven by three laser pulses representing the input bits
(see Fig. 2). We note, that such interaction schemes are
possible in the same doped solids, as applied by Beil et
al. for a STIRAP-driven all-optical adder [25]. Coherent
population transfer in multi-level systems was already
studied before [27–32]. As an example, in M-type five-
level schemes (see Fig. 2(a)) efficient population transfer
is possible via chains of STIRAP processes [17].We pro-
pose now an alternative technique for efficient population
transfer in five-level schemes, based upon combination of
STIRAP and b-STIRAP. The scheme is completely re-
versible and enables realization of a Toffoli gate.
The paper is organized as follows : In section II we
discuss a three-bit Toffoli gate in a Λ-type system. In
section III we study cyclic population transfer in five-
level systems. Based upon these results, in section IV we
propose the implementation of a four-bit Toffoli gate in
an adiabatically-driven medium of five-level atoms. We
conclude with a final discussion in section V.
II. REALIZATION OF A THREE-BIT TOFFOLI
GATE IN A THREE-LEVEL Λ-SYSTEM
The well-known dynamics of a coherently-driven three-
level Λ-type quantum system (see Fig.1) yields three
eigenvectors, i.e. one dark and two bright dressed states
FIG. 1: Λ-type level scheme
FIG. 2: Five-level coupling schemes : (a) M-type scheme. (b)
Extended Λ-scheme.
[18]:
|d〉 = cosθe−iϕ1 |1〉 − sinθe−iϕ2 |3〉
|b1〉 = sinθcosΦe−iϕ1 |1〉 − sinΦ|2〉+ cosθcosΦe−iϕ2 |3〉
|b2〉 = sinθsinΦe−iϕ1|1〉+ cosΦ|2〉+ cosθcosΦe−iϕ2 |3〉(1)
The mixing angles are defined as
tanθ = Ω1/Ω2
tan2Φ = 2Ω/∆
Ω =
√
Ω21 +Ω
2
2
(2)
where ∆ is the one-photon detuning, Ω1,2 are the Rabi
frequencies of pump and Stokes laser, and ϕ1,2 are the
phases of the laser pulses. In the above equations we
assumed the lasers tuned to two-photon resonance be-
tween states |1〉 and |3〉. We note, that the Rabi frequen-
cies (and hence the mixing angles) vary with time t and
3space coordinate x, as they are deduced from temporal
laser intensity profiles, which also vary when propagating
through an optically dense medium.
If the atom is initially in state |1〉 and we apply a
counter-intuitive pulse sequence (i.e. a SP pair), the mix-
ing angle yields θ = 0 and the system is prepared in the
dark state |d〉. Provided we maintain adiabaticity (i.e.
the system remains during the interaction in the same
dressed state), at the end of the interaction the mixing
angle becomes θ = pi/2 and the dark state maps onto
the final state |3〉. This is the essence of STIRAP. If the
atom is initially in state |3〉 and we apply an intuitive
pulse sequence (i.e. also a SP pair, as the laser pulses
change their role now), the system aligns parallel with a
bright state |b1〉. Provided we maintain adiabaticity, at
the end of the interaction the bright state maps onto state
|1〉. This is the essence of b-STIRAP. In both variants of
STIRAP, adiabatic evolution requires the following adi-
abaticity condition to be fulfilled [17–19]:
|Ω2T/∆| ≫ 1 (3)
with the duration T of the interaction, e.g. defined by the
laser pulse duration. Essentially, adiabaticity demands
sufficiently strong interaction (defined by the Rabi fre-
quency) compared to the laser bandwidth (defined by the
Fourier bandwidth 1/T ) and the detuning. To realize a
Toffoli gate (see below) it is also required to maintain the
adiabaticity condition for a two-level medium
∆T ≫ 1
i.e., the one-photon detuning should exceed well the spec-
tral width of lasers. We note, that pulse propagation ef-
fects (e.g. in optically thick media) require modifications
of the adiabaticity criteria. Detailed analysis showed,
that propagation effects may be neglected, if the medium
satisfies the conditions [22, 23].
qL/Ω2T ≪ 1
qL/∆2T ≪ 1 (4)
with the length L of the medium, the coupling param-
eter q defined as q=max[q1, q2], q1,2 = 2piω1,2d
2
1,2N/~c,
involving the transition dipole moments d1,2, the transi-
tion frequencies ω1,2, and the atomic number density N
in the medium. Thus, the optical length of the medium
should remain sufficiently small. At short optical lengths,
adiabaticity of the interaction is preserved and efficient
population transfer is possible.
To implement a three-bit Toffoli gate in a Λ-type in-
teraction scheme, we apply a pump and a Stokes pulse
in counter-intuitive sequence (i.e. a SP pair). We as-
sume pulse durations much shorter compared to relax-
ation times in the system. The laser frequencies are tuned
to two-photon resonance between states |1〉 and |3〉, but
both lasers are detuned by ∆ from the transition to the
intermediate state |2〉. The two laser pulses define the
first and second input of the gate (see truth table).
input output
pump stokes initial state final state
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 0
TABLE I: Truth table of a three-bit Toffoli gate, with in-
put bits defined by pump pulse, Stokes pulse, and the initial
atomic state. The output state is defined by the final atomic
state.
If the pump pulse is switched on, it defines the logic
value 1 of the first input bit. In the same way, presence
or absence of the Stokes pulse defines the second input
bit. The third input of the gate is defined by the state of
the atom before the interaction. If the atom is in state
|1〉, the third input of the gate is equal to the logic value
0. If the atom is in state |3〉, the third input of the gate is
equal to the logic value 1. We consider now the following
possible cases : (A) If there are no pulses applied, the
atom remains in the initial state (see the first two lines
in the truth table). (B) If the pump pulse is switched off
and only the Stokes pulse is applied, an atom prepared
in state |1〉 will remain in this state (see third line in
the truth table). An atom prepared in state |3〉 will be
adiabatically driven by the off-resonant Stokes pulse to
the intermediate state |2〉 and back again. This effect is
termed ”coherent population return” (CPR) (see [40, 41]
and refs. therein). Thus, also in this case the final state
of the atom is the same as the initial state (see fourth line
in the truth table).(C) If the Stokes pulse is switched off
and only the pump pulse is applied, the dynamics are
similar to the previous case. Also here, the state of the
atom does not change (see fifth and sixth line in the truth
table). (D) If both pulses are applied, an atom in state
|1〉 is driven by STIRAP to state |3〉(see seventh line in
the truth table). An atom in state |3〉 is driven by b-
STIRAP to state |1〉 (see eighth line in the truth table).
Thus, the truth table of the population dynamics mirrors
the logics of a three-bit Toffoli gate. We note, that for
experimental implementation there are several ways to
determine the output state of the gate, e.g., detection of
fluorescence via an additional probe laser.
III. POPULATION DYNAMICS IN FIVE-LEVEL
SCHEMES
To proceed towards a more complex system and a gate
with more input bits, we consider now a five-level system
interacting with four pulses (see Fig. 2). In particular,
we consider an M-system (see Fig. 2 (a)) and an ex-
tended Λ-system involving two-photon transitions on the
4two branches (see Fig. 2(b)). M-systems are typical, e.g.
for atoms with hyperfine or Zeeman splittings. The ex-
tended Λ-system occurs for transitions to highly excited
states in atoms or molecules. The laser frequencies are
tuned near resonance with one of adjacent atomic tran-
sitions. We assume pulse durations much shorter com-
pared to relaxation times in the system.
The Hamiltonian yields
H =
∑
i
σi,iδi−1−
(∑
i
σi,i+1Ωi + h.c.
)
(5)
with the projection matrices σii, the Rabi frequencies
Ωi at transitions (i → i+1), and δi−1 representing (i-
1)-photon detunings (with δ0 = 0). The Rabi frequen-
cies are assumed to be real and positive. Phases, which
can vary during propagation through the medium, are in-
cluded in the single-photon detunings (∆i = ωi+1,i−ωi+
ϕ˙i, if ωi+1,i > 0 and ∆i = ωi,i+1 − ωi + ϕ˙l if ωi+1,i < 0).
Definition of multi-photon detunings depends on the spe-
cific scheme of interaction. For an M-system (see Fig.
2(a)) the multi-photon detunings are δ2 = ∆1−∆2, δ3 =
∆3 + ∆1 − ∆2, δ4 = ∆4 − ∆3 + ∆2 − ∆1. For an ex-
tended Λ-system (see Fig. 2(b)), the multi-photon de-
tunings are δ2 = ∆1 +∆2, δ3 = −∆3 +∆1 +∆2, δ4 =
−∆4 −∆3 +∆2 +∆1.
Similar to the Λ system, we will assume now exact two
photon resonances, i.e. δ2 = δ4 = 0 and δ1 = δ3 = ∆. For
an M-system this condition means equal single-photon
detunings, while for the extended Λ-scheme the single-
photon detunings have equal absolute value, but differ in
sign (see Fig.2 (b)). In this case, one of five eigenvalues
of the Hamiltonian is λ = 0. We can also easily calculate
the other four eigenvalues (see Appendix A).
We consider now the specific case, when the pulses with
Ω1 and Ω4 coincide (i.e. exhibit the same temporal pro-
file and equal frequencies), while the pulses with Ω2 and
Ω3 are much shorter and turned on in counterintuitive
sequence (see Fig.3). In this case, the eigenvalues of the
Hamiltonian (1) are
Λ0 = 0,
Λ1,3 =
1
2
(
∆∓
√
∆2 + 4Ω21
)
,
Λ2,4 =
1
2
(
∆∓
√
∆2 + 4(Ω21 +Ω
2
2 +Ω
2
3)
)
(6)
We note, that when the fields are turned off, we get
Λ1,2 → 0 and Λ3,4 → ∆. The eigenvalues Λ1,3 depend
upon the field Ω1 only and coincide with the eigenvalues
of a two-level system, driven by field Ω1. Similarly, the
eigenvalues Λ2,4 are equal to the eigenvalues of a two-level
system, driven by a field (Ω21 +Ω
2
2 +Ω
2
3)
1/2.
When the one-photon detuning is larger (or at least
of the same order of magnitude) as the corresponding
Rabi frequencies, adiabatic evolution requires the follow-
ing conditions to be met (see Appendix A for details):
∆T ≫ 1,
(Ω22 +Ω
2
3)T
∆
≫ 1,
Ω21T
∆
≫ 1 (7)
with the duration T of the shortest pulse. The first con-
dition mirrors the adiabaticity condition for a two-level
system. The second condition corresponds to the adi-
abaticity condition for a three-level system. The third
condition is only relevant in the time interval, when all
pulses overlap (i.e., when Ω22 +Ω
2
3 6= 0).
To write the eigenvectors corresponding to the eigen-
values Λ1 and Λ2 we introduce the following notations:
Ω2 = Ω22 +Ω
2
3, tan θ =
Ω2
Ω3
,
tanΦ1 = −
Λ1
Ω1
, tanΦ2 = −
Λ2
Ω1
, tanΦ = −
Ω
Ω1
cosΦ2 (8)
The eigenvector corresponding to the eigenvalue Λ1 is
|Λ1〉 = |ψ1〉 cos θ − |ψ2〉 sin θ (9)
where |ψ1〉 and |ψ2〉 are superposition states of two-level
systems 1→ 2 and 5→ 4:
|ψ1〉 = cosφ1|1〉 − sinφ1|2〉
|ψ2〉 = cosφ1|5〉 − sinφ1|4〉 (10)
The eigenvector corresponding to Λ1 does not involve
state |3〉 and is equal to the dark state of a three-level
Λ-system, if we replace the lower states by superposi-
tion states |ψ1〉 and |ψ2〉. Thus, we can use the dark
state to transfer the system from state |1〉 state |5〉 by
a STIRAP-like process, driven by the pulse sequence
introduced above (see Fig.3). In contrast to a simple
three-level Λ-system, during the interaction some tran-
sient population shows up in the intermediate levels |2〉
and |4〉 of the five-level system. However, these transient
populations become smaller with larger single-photon de-
tuning. In this case, the intermediate states |2〉 and |4〉
mediate a coupling between states |1〉, |3〉, and |5〉, but
are only weakly populated during the process.
Similarly, the eigenvector corresponding to the eigen-
value Λ2 yields
|Λ2〉 = |ψ
′
1〉 cosΦ sin θ − sinφ|3〉+ |ψ
′
2〉 cosΦ cos θ, (11)
where
|ψ′1〉 = cosΦ2|1〉 − sinΦ2|2〉
|ψ′2〉 = cosΦ2|5〉 − sinΦ2|4〉 (12)
The eigenvector |Λ2〉 is equal to that of the bright state of
a three-level Λ-system [24], if we replace the lower states
by superposition states |ψ′1〉 and |ψ
′
2〉. Thus, we can use
the bright states for adiabatic transfer from state |5〉 to
state |1〉 by a b-STIRAP-like process, driven by the pulse
sequence as introduced above (see Fig. 4).
In order to ensure adiabaticity in the five-level dynam-
ics, the following condition must be added to the adia-
baticity conditions (4), as discussed above :
q1L
∆
∆
Ω21T
≪ 1 (13)
5input(1110)−→ output(1111)
FIG. 3: Adiabatic population transfer from initial state |1〉
to final state |5〉 and pulse sequence. ρjj are the populations
of corresponding levels. All pulse shapes are Gaussian. The
single-photon detuning is ∆=50/T.
input(1111)−→ output(1110)
FIG. 4: Adiabatic population transfer from final state |5〉 to
initial state |1〉 and pulse sequence. Parameters are the same
as in Fig.3.
. The latter is obtained from Maxwell’s equations (see
Appendix B). It follows from (4) and (13), that the
strength of pulse propagation effects upon adiabaticity
are determined by the factor qiL/∆, combined with the
adiabaticity conditions for a single atom. Thus, qiL/∆
should not exceed unity. If we write this parameter in
terms of the linear absorption coefficient α0, we obtain a
input(1000)−→ output(1000)
FIG. 5: Adiabatic evolution (CPR) of populations in a two-
level system. Parameters as in previous figures.
input(1010)−→ output(1010)
FIG. 6: Adiabatic evolution of populations in a three-level
system. Parameters as in previous figures.
restriction for the optical length :
qL
∆
= α0L
Γ
∆
∼ 1 (14)
with Γ the maximal decay rate of the involved transi-
tions. Thus, for sufficiently large single-photon detuning,
adiabaticity is maintained even when the medium is sev-
eral times longer than the linear absorption length in the
medium.
In summary, the two eigenstates |Λ1〉 and |Λ2〉 ren-
der the five-level system, driven by a considered pulse
sequence, fully reversible. Thus, we can transfer atomic
6population from state |1〉 to state |5〉 by a STIRAP-like
process and from state |5〉 to state |1〉 by a b-STIRAP-
like process.
IV. IMPLEMENTATION OF A FOUR-BIT
TOFFOLI GATE IN A FIVE-LEVEL SYSTEM
The light fields Ω1, Ω2, and Ω3 play the role of the
three control bits in the four-bit Toffoli gate. We note,
that in our coupling scheme the field Ω1 is identical to Ω4
(see previous section). If a field is switched on, the cor-
responding control input bit is defined with logic value
1. If the field is switched off, the corresponding control
input bit is defined with the logic value 0. The fourth
input bit of the gate is the target bit. The logic value
of the target bit is defined by the states |1〉 and |5〉 of
the atom. If the atom is in state |1〉, the target bit is
defined as 0. If the atom is in state |5〉, the target bit is
1. In the following we will denote the input and output
state of the gate by the sequence of control bits ci and
target bit t, i.e. (c1,c2,c3,t). As discussed in the previ-
ous section, simultaneous action of the light fields drives
adiabatic population transfer between states |1〉 and |5〉.
This corresponds to a gate operation from the input state
(1110) to the target state (1111), or from the input state
(1111) to the output state (1110).
Beyond this feature (as already discussed in the previ-
ous section), correct operation of the gate also requires
that the state of the atom does not change, if at least
one of the driving fields is switched off. Obviously this
holds true in the trivial case, when all fields are switched
off. Also the case, when only field Ω1 (which is identical
to Ω4) is rather trivial : Neither state |1〉 nor state |5〉
experience any coupling to other states and the atom
remains in the initial state. If fields Ω2 and Ω3 are
both switched off simultaneously, the five-level system
reduces to a two-level scheme, adiabatically interacting
with pulse Ω1. The atom experiences CPR. After some
transient excitation the atoms returns to the initial state
(see Fig.5).
The case where only one of pulses Ω2 and Ω3 is
switched off, requires some more detailed consideration.
If the atom resides in state |1〉 (i.e. the target bit is 0) and
the field Ω2 is off, the system reduces to an adiabatically-
driven two-level atom. Due to the action of field Ω1, the
atom experiences CPR and can be found in state |1〉 af-
ter the interaction. A similar situation occurs when the
atom is in state |5〉 (i.e. the target bit is 1) and field
Ω3 is off. If the atom is initially in state |1〉 and only
pulse Ω3 is switched off, the system reduces to a standard
three-level scheme of states |1〉, |2〉, and |3〉, adiabatically
driven by fields Ω1 and Ω2. As the Ω2 pulse is turned off
prior to Ω1, the system returns after interaction into the
initial state (see Fig.6). We get an equivalent situation,
if the atom is initially in state |5〉 and only pulse Ω2 is
switched off. Also in this case, the atom remains in the
initial state. Thus, in summary, the adiabatic population
dynamics in the five-level scheme perfectly corresponds
to a four-bit Toffoli gate.
V. CONCLUSION
We propose the implementation of all-optical reversible
universal logic gates (which are relevant to build a re-
versible processor), by application of adiabatic popula-
tion transfer, based on STIRAP-like processes. In par-
ticular, we demonstrate a three-bit and a four-bit Toffoli
gate. The three-bit Toffoli gate is implemented in a three-
level Λ-type level scheme, driven by a pump and a Stokes
laser pulse. The three input bits of the gate are defined
by the two laser pulses and the state of the system at the
beginning of the interaction. The output state is defined
by the state of the system at the end of the interaction.
The same pulse sequence, with laser frequencies tuned to
sufficiently large single-photon detunings of the relevant
transitions serves to completely drive atomic population
from an initial state to final state and back again without
losses (i.e. in a reversible way). The truth table of the
interaction (or the optical bits, as defined by the laser
pulses and the atom, respectively) resembles a three-bit
Toffoli gate. The four-bit Toffoli gate is implemented in
a five-level system (e.g. an extended Λ-type system or
a M-type scheme), driven by three laser pulses on four
transitions.The four input bits of the gate are defined by
the three laser pulses and the state of the system at the
beginning of the interaction. The output state is defined
by the state of the system at the end of the interaction.
When pairs of laser frequencies are tuned to two-photon
resonance in the five-level systems, the schemes essen-
tially reduce to an effective Λ-system, where the ground
states are superposition states. We derive the dressed
states and dressed energies of the system, as well as con-
ditions for adiabatic evolution of the population dynam-
ics. We show, that adiabatic passage permits reversible
transfer of atomic population from an initial to a target
state, and back again. The truth table of the interaction
(or the optical bits, as defined by the laser pulses and the
atom, respectively) resembles a four-bit Toffoli gate.
Finally, we derive restrictions for implementation of
adiabatically-driven Toffoli gates in optically dense me-
dia. We find, that the adiabaticity is preserved, if the
length of the medium does not exceed the linear absorp-
tion length.
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Appendix A
We derive now the eigenvalues and conditions for adi-
abatic population dynamics in the five-level system,as
studied in section III. From the equation for the eigen-
values of the Hamiltonian det(H−ΛI) = 0 and assuming
δ2 = δ4 = 0 and δ1 = δ3 = ∆ we get
Λ2(Λ−∆)[Λ(Λ −∆) + Ω2s] + V
4Λ = 0 (15)
with Ω2s = Ω
2
1 +Ω
2
2 +Ω
2
3 +Ω
2
4 and V
4 = Ω22Ω
2
4 +Ω
2
1Ω
2
3 +
Ω21Ω
2
4. Using the notation x = Λ(Λ−∆), the above equa-
tion becomes Λ[x2 − Ω2sx+ V
4] = 0 and the eigenvalues
are :
Λ0 = 0, (16)
Λ3,1 =
1
2
[∆± (∆2 + 4x1)
1/2], (17)
Λ4,2 =
1
2
[∆± (∆2 + 4x2)
1/2] (18)
where x2,1 = (1/2)[Ω
2
1 ± (Ω
4
s − 4V
4)1/2]. We note that
the condition Ω4s ≥ 4V
4 is always met.
Adiabatic evolution for a single atom requires |Λi −
Λj |T ≫ 1 for any i 6= j with the interaction time T .
This leads to the conditions for the pulse parameters
(x2 − x1)T
(∆2 + 4x22)
1/2
≫ 1, (19)
(∆2 + 4x1)
1/2T ≫ 1, (20)
x1,2T
(∆2 + 4x1,2)1/2
≫ 1 (21)
Note that the last condition can be fulfilled only for V 4 6=
0, i.e. for temporal overlap of the pulses.
With Ω21 = Ω
2
4 the expressions for x1,2 are simplified
and yield x1 = Ω
2
1, x2 = Ω
2
s, and Ω
4
s − 4V
4 = Ω4.
In this case the adiabaticity conditions are
(Ω22 +Ω
2
3)T
(∆2 + 4Ω2s)
1/2
≫ 1, (22)
(∆2 + 4Ω21)
1/2 ≫ 1, (23)
Ω21T
(∆2 + 4Ω21)
1/2
≫ 1, (24)
Ω2sT
(∆2 + 4Ω2s)
1/2
≫ 1 (25)
Appendix B
We briefly discuss now the basic theoretical treatment
of pulse propagation effects and their effect upon adi-
abaticity in our five-level systems, as discussed in sec-
tion III. By combining the Schro¨dinger equation with
the truncated Maxwell equation we obtain for a medium
of five-level M-type atoms a self-consistent system of
equations. These describe variations of pulse frequen-
cies (i.e. single-photon detunings) and intensities (i.e.
Rabi frequencies), when the pulses propagate through
the medium:
∂Ω1
∂z
= q1
∂
∂τ
|b1|
2 + q4
∂
∂τ
|b5|
2
∂Ω2
∂z
= −q2
∂
∂ε
(|b1|
2 + |b2|
2),
∂Ω3
∂z
= −q3
∂
∂ε
(|b4|
2 + |b5|
2),
∂∆1
∂z
= q1
∂
∂τ
Re(b∗1b2)
Ω1
+ q4
∂
∂τ
Re(b∗4b5)
Ω1
,
∂∆2,3
∂z
= −q2,3
∂
∂τ
Re(b∗2,3b3,4)
Ω1
(26)
Here qi = 2piωi|di,i+1|
2N/(~c), bi(z, τ) are amplitudes of
atomic populations in dressed states. z,τ are running co-
ordinates z = x, τ = t− x/c. In the case of an extended
Λ-system (Fig.1b) the equations essentially remain the
same, but we must exchange signs in Ω22 and Ω
2
3. We
note, that self-phase modulation may lead to variations
of frequencies and, hence detunings from corresponding
resonances (i.e. parametric broadening of the pulse spec-
trum [35]). The modification of the pulse shapes is caused
both by the nonlinear group velocity (which can result in
formation of shock wavefronts [36]) and by energy trans-
fer between the pulses (which can lead to full depletion of
one of the pulses [33]). The strength of all these processes
depends upon the optical length. Hence, if the optical
length of the medium is sufficiently short, the variations
of detunings and intensities can be negligibly small to en-
able adiabatic evolution. A detailed discussion of pulse
propagation dynamics in our five-level system would ex-
tend the present paper too much. Here, our specific aim
is to define a restriction for the medium length, which
still permits adiabatic evolution, i.e. proper formation of
adiabatic states |Λ1〉 and |Λ2〉 in all atoms of the medium.
Since it is the time derivatives that enter the right-hand
sides of equations (13), we can use for atomic popula-
tions the expressions following from those for the states
|Λ1〉 and |Λ2〉. This means taking into account the first
nonadiabatic corrections. If the changes in the Rabi fre-
quencies and detunings (as given by the right hand side
of equations (13)) are sufficiently small, adiabaticity will
be maintained over the full medium length. Estimating
the right-hand sides of equations (26), we arrive at the
restricting conditions (4) and (13).
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